Upper limits on burst sources of gravitational waves
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We present statistical methods for determining upper limit event rates on burst sources using gravitational wave
detectors. By assuming that burst events are Poisson distributed in time, we devise two methods to estimate the
event rate. The first is a generalization of the loudest event statistic used byeAlerB. Allen et al., Phys.

Rev. Lett.83, 1498 (1999)] to determine an upper limit on the number of binary neutron star inspirals in the
Galaxy using data taken in 1994 using the LIGO 40-meter prototype interferometer at Caltech. If the probability
distribution of background events can be determined, this method could be used to improve the event rate limit.
However, in the absence of accurate knowledge of the distribution in signal to noise ratio of the false alarms,
we show that the loudest event statistic determines a robust upper bound. The second method assumes that one
sets a detection threshold before performing the data analysis, and that the number of events one observes with
signal to noise exceeding this threshold:isIf the threshold has been chosen so that the probability of a false
event is low, then this method determines a lower limit than the loudest event statistic. Nevertheless, we argue
that the loudest event statistic provides a robust estimator, and, as such, is to be preferred when the distribution
of signal to noise due to background events is not well understood.

PACS: XXXX

I. INTRODUCTION the single event with the greatest S/N over all the segments of
data that passed all of the cuts in the analysis pipeline, i.e., the

Of the sources of gravitational waves that theorists havéoudest event. Events with greater S/N are generally closer,
proposed, inspiralling binary neutron stars (or black holesf‘”d thergforg rarer, than faln.t_er events. Thus, in some fixed
are likely to provide the strongest gravitational wave signalbservation time, the probability that the loudest event has a
in the band of Earth based detectors. The next generatiorh)éﬂ‘”'cukir amplitude is r(_alated to the eventrate. The algorithm
of kilometer-scale interferometers will be sensitive to binaryunderlying the analysis is:
neutron star inspirals out to a distance of tens to hundreds of
Mpc. Given the uncertainties in event rate estimates for these
sources, some of the first experiments using the new detectors e Setp,,., equal to the amplitude of the loudest detected

e Analyze the data through the data analysis pipeline,

will set upper limits on the rates directly from the gravitational event or, if no events are detected, gt = 0,
wave data.

In a recent Letter, Alleret al. [1] described the analysis of e Determine the efficiency with which the pipeline can
approximately 45 hours of data taken with the LIGO 40-meter detect binary neutron star inspiral events by Monte
interferometer in November 1994. The detector was a proto- Carlo simulation.

type; correspondingly, the analysis was a prototype, intended
principally to demonstrate an analysis pipeline aimed at de-
termining an upper limit on the Galactic neutron star binary

inspiral rate. This pipeline processed the raw interferometer |n this paper, we present statistical analyses that determine
data (along with calibration information) through a bank of eyent rate (upper) limits for signals which are Poisson dis-
matched filters designed to detect binary neutron star inspriputed in time, in the presence of an arbitrary noise back-
rals; the output of the pipeline was, for each segment of datground. In the limit that the loudest event is assumed to be a
and each filter in the bank, the peak signal to noise ratio (S/Njea| signal, and the probability of a background event having
p recorded in the filter as well asy& statistic, which mea-  g/N greater than or equal to that of the loudest event, this re-
sured the time-frequency distribution of S/N of the peak filterproduces the limit presented in Ref. [1]. We use our formula
output relative to that expected from a neutron star inspirajo demonstrate the robust nature of the limit determined by
event. Large values of” indicate that the S/N is not accu- pjlen et al. This indicates that the new formula can be used
mulated in the manner predicted for binary inspiral signals. A provide an improved upper limit if the background can be
thresholdy? was chosen such that less than 10% of real sigmeasured.
nals would givey® > xZ in the presence of stationary and  An alternative method to determine an upper limit event
Gaussian noise. Finally, the S/N was maximized over all ofate using data from the kilometer-scale interferometers might
the filters in the bank that satisfied tiyé threshold to obtain  jnclude the imposition of a threshold in S/N (as well as in
a single maximum S/N for the segment of data. x2). We derive the probability distribution for the event rate
To determine the upper limit, Alleet al. [1] focused on  of real signals given the threshold and the number of events

e Compute an upper limit based on the numhgy, and
the efficiency of the pipeline at that S/N.



that are detected above the threshold. We compare this event _ [~
rate limit, for several different outcomes of the experiment, «(p) = /p depy(0) (1d)
with that obtained using the loudest event statistic.

In Sec. Il, we introduce the notation and terminology that is
used throughout the paper. We calculate, from first principles,
the likelihood that the loudest event has magnitpyde, in
Sec. lll. This result has broad applicability in other contexts.
Specializing to the assumptions made in [1], we arrive at the In this section, we derive the posterior probability distribu-
upper limit given there, and provide quantitative evidence oftion for the event ratg given a detection (either background
the robust nature of the limit. In Sec. IV, we derive an expresor signal) with S/Npmax, i-€. P(1£p = pmax)-
sion for the likelihood when using threshold detection in the The probability that all foreground events, for a fixed rate
data analysis pipeline. Finally, we present a critical assesg+ have S/N less than or equalgas
ment of the relative merits of each method.

Ill. LOUDEST EVENT STATISTICS

Py(< plu) = Py Olw) + Y Pr(N|w[L—e(p)] (2
N=1

= exp[—pue(p)] - 3)

A data analysis pipeline process identifiegents Each  No assumptions are made about the distribution of signal to
identified event is characterized by a single number, its S/Ngjse ratio for background events. We simply denote the (cu-
p- We assume that discrete events are independent and are gjy|ative) probability that all background events, regardless
therbackgroundor foregroundevents. A background eventis of their number, have S/N less than or equaptby P, (p).

afalse alarm the signal being sought is not, in fact, presentrina|ly, the probability of that an event, either foreground or
in the data stream at the time of the event. Background evengyckground, has S/N less than or equal te

may be caused by instrumental or environmental noise, or by

II. NOTATION AND TERMINOLOGY

“nuisance” signals (i.e., signals from other sources not being P(< plu,b) = Pr(< plp) Py (p) - (4)
sought). Events corresponding to an actual signal are fore- . . . _
ground events, and correspond tdetection Not all signals We note an important point about the cumulative probabil-

give rise to foreground events: the analysis pipeline detectdy (3). Since the limit ag — 0 is non-vanishing, i.e.,

only some fraction of the signals. It is a bound on the rate of

signals, which give rise to foreground events, that we wish to lim [Pf(g P|M)] =eH, (5)
determine from the observations. p—0

We assume that signal events are Poisson distributed W'ttrﬁe associated probability density function is distributional at

rate R, and that the analysis pipeline detects infinitesimally” "~ : i
weak signal events in the absence of background events. Thu%,_ 0. In particular, the probability that an event has /i

the number of (Poisson distributed) foreground events in an d
observation of duratiof is p(plp,b) = d—pP(S plu,b)
Neo—n
pe - _
Py(Nln) = 55 (1a) — P(p) {upm)e K0 4 e BA(p)
where +e < Ppy(p) (6)
p = RT. (1b)  \wherep,(p) = dPy(p)/dp, andA(p) is a distributior such

Like all events, foreground events are each associated with #atA(p) = 0 whenp # 0, and

S/N p which characterizes their amplitude, and which depends p>0

on the analysis pipeline.Denote the probability density that / doAp) =1. (7)
a foreground event is detected with a S/Ny p(p): 0

probability that foregroun Using Bayes’ law, we can write the probability (meaning
ps(p) = ( event has amplitude () (1c)  degree of belief) the takes on a particular value as
Finally, denote the probability that a foreground event is de- P(lp = prns) = p(plu, b)p(p) ®)
tected with a S/N greater thanby (p) (the efficiencyof de- e p(p|b)

tection for a given S/N):

tSince the integral in Eq. (7) is from zero fg it is technically
“The matched filtering S/N depends on the signal being filtered forincorrect to call this @-function. Nevertheless, a physicist can un-
and on the power spectral estimate used in that filter. derstand it in those terms



where p(u) is the a priori probability density foru, and B. The weak upper limit is robust
P(pPmax|b) is the probability density fopmax integrated over

all possible event rates: The effects of the background are a major concern when
. the detector noise is not well understood. While one can as-
P(Pmax|b) = / dp p(1)P(Prmax |1, b) - (9)  sume, following Alleret al. [1], that the probability of a back-
0 ground event with S/N greater than or equaptg.x is zero,

one would like to understand the errors that can arise from this
assumption. Equation (12) can be used to quantify these er-
rors by writingy,, = 11.788, and determining as a function
_ _ 2 —pue(p) of Py(pmax) andps(pmax) /P (pmax). If p > 0.9, the we say
Pulp = pmax) = ple(p))e N(p) (10) that the upper limit is robust. That is, with more information
about the distributior, (p), we could improve our limit on
the event rate. Figure 2 demonstrates that the limit is robust
P, whene(pmax) = 0.33 andpuggy, = 11.788.
N(p) b (P)py(p) + Po(p) /1t (11) €(Pmax) I90%

" Bp)ps(0) + mo(p)elp)

An upper limit on the event rate is determined by solving the V. THRESHOLD SEARCHES AND UPPER LIMITS
equation

Assuming an improper uniform probability densjiu), we
can evaluate these expressions explicitly to get

where

The hope for gravitational wave detection during the next

p= /”p dp P(plp = pmax) decade is that we can understand the noise in the detectors by
0 using the network of detectors at different locations around the
IP—, (eupr + P, + €pb/pf> (12) world. A natural question, then, is how to set an upper limit
- Py + epy/py when we have a good understanding of the noise in our de-

tector. In this section, we explore this question in the context
for u, given the desired confidengeand the probabilities of a search for gravitational wave events wjith> p. where
€(Pmax)s Pf(Pmax)s Po(Pmax), @NAPp(Pmax)- 1 — Py(p«) < 1. The output of the data analysis pipeline is
the number of events which exceed this threshold. Then the
probability of interest is
A. Weak upper limit calculation

. . o puneventswithy > p,) = L\eVeNS Wity 2 pju)p(u)
In some circumstances, it is extremely difficult (if not im- P(n events withp > p,)
possible) to determine the false alarm probabiftyp) with (15)
any degree of confidence. Such a circumstance was encoun-
tered by Allenet al. [1], who made some assumptions to ob-  First, the probability of detecting: events withp > p,
tain a weak, but robust, upper limit on the event rage given some event rajeis
The assumptions in Ref. [1] were: (i) the loudest detected
event from the data analysis pipeline is a signal, and (ii) the P(n events withp > p.|u)
probability P, (pmax) = 0. Then, Eq. (12) reduces to n
= Z ( " )P(n — m signals withp > p.|u)F,  (16)
p=1—e Hrelomaxl[] 4 Hp€(Pmax)] - (13) m=o "

This implicit equation can be solved fat,e(pmax) givenp; where

the results are shown in Fig. 1. In particular, 6% confi- )
dence limit on the event rate is F, = P(m false alarms wittp > p.) . (17)

3.890 (14) Note thatFy = Py(p.) ~ 1and) °_ F,, = (1 — Fp) <€ 1,
so thatF;,, < 1 forallm > 0. Thus, we have the probability
that n events withp > p, are recorded by the data analysis
As shown in Ref. [1], the function(p) can be determined pipeline:
by Monte Carlo injection of simulated signals (from the pop-

= L)

ulation to be constrained) into the data, and re-analyzing it. P(n events withp > p.|u)

Using the data analysis pipeline described in Ref. [1], the S/N n e(p.)]—m

pmax Of the loudest event was found to pga.x = 8.34 and = Z (Z)Fme_“e(”*)% (18)
- ) Pha ) (n —m)!

€(pmax) =~ 0.33 for neutron star binary inspiral signals from m=0

a Galactic population; this gives the rate linifo = 11.788 ~ Fye—helre) [pe(ps)] _ (19)

quoted in Ref. [1]. n!

Clearly, this approximation should be valid whenever



will, by construction, not be present in the simulated output
consequently, only background events emerge at the end of
the analysis pipeline when evaluated on the simulated data,
Using the improper uniform prior op as in the previous allowing the background event rate to be estiméted.
section, we arrive at our result We are grateful to Bruce Allen, Warren Anderson, and
Ben Owen for helpful discussions, and to Barry Barish for
P(u < pyln events withp > p,) ~ 1 — Lln +1, ppe(ps)] comments on a previous version of this manuscript. This
n! work was supported by National Science Foundation awards
(21) PHY 9800111, PHY 9996213, PHY 9407194, PHY 9970821
and PHY XXX.
Whenn = 0 events are detected by the data analysis pipeline,
the90% confidence limit onu is

Fo < By [W] (e(pa)]™m! (20)

2.303
H90% = —7—~ (22)
€(p)

which would be10% lower than that obtained using the loud- [1] B. Allen et al., Phys. Rev. Lett33, 1498 (1999).

est event statistic if. = pmax- [2] A. Lazzarini, Private communication, 1999.
As in the case of the loudest event statistic, it is important

to ascertain the validity of the approximation that is made

in Eq. (19). This can be done by examining Eq. (20) when

I = pgoy. Interestingly, the correction terms become more

important as the number of detected events increases. In par-

ticular, we expect the approximation to be reasonable when

n < 2.

V. CONCLUSIONS

We have derived a general and exact expression for the
probability that the “loudest” event—i.e., the event of great-
est signal-to-noise ratio—drawn with arbitrary efficiency from
a population of Poisson distributed signals and in the pres-
ence of a Poisson distributed background takes on a particular
value. If the background is assumed to be absent, the event
rate based on the loudest event is 40% larger than one could
hope to achieve by counting events louder than some pre-set
threshold (that happens to be slightly larger than the loudest
event) were the background truly absent; however, the loudest
event statistic providesrabustrate limit when no knowledge
of the background (and, therefore, no pratical way to choose
a threshold) is available.

Improvements in the upper limit (still remaining in the
framework of loudest event analyses) can be made by esti-
mating the background event rate. For example, one could as-
sume that the events between S/N of 6 and 7, shown in Fig. 2
of [1], are due to background and determine a power-law for
the expected number of background events at higher S/N, al-
lowing the assumption of no background events to be relaxed.
Alternatively, Lazzarini [2] has suggested that a rudimentary
estimate of the background rate could be obtained by evalu-;, . il be. but without th lati .
ating the distribution of the detector output samples and, us- eir power will be, but without the correlations necessary to trig-

. o . . . . ger the filters. As long as the mean power in events is less than mean
ing that distribution together with an appropriate linear filter

¢ d th . t imulat d | noise power, this will not make a significant difference.
0 reproduce Ine noise power spectrum, simutate and analyZ&ype ostimate will be rudimentary because it does not reproduce

detector output. Signals presentin the original detector OutpLBackground events arising from transient phenomena, which are in-
trinsically non-stationary and have higher-order correlations. It does,
however, deal with the problem of estimating noise from a stationary
non-Gaussian background.
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FIG. 1. The value ofs, as a function of the confidengecom-
puted with Eg. (13). Th80% confidence limit is indicated.

FIG. 2. The probability thapy < pgo, = 11.788 as a func-
tion of Py (pmax) andps (pmax)/pr(pmax). Since this probability is
always greater than 0.9, we conclude that the weak limit discussed
in Sec. IlIB is robust. For large,/p; and P, ~ 0, p tends to
0.98 = 1—e 389 sothe loudest event statistic (with a large, known
background) gives the same limit as observing zero events above a
fixed threshold in this limit.



